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Abstract

Weproposestatisticallearningmethodsfor approximatingimplicit surfacesandcomputingdense3D deformation
�elds. Our approach is basedon SupportVector(SV)Machines,which are stateof theart in machinelearning. It
is straightforward to implementandcomputationallycompetitive;its parameters canbeautomaticallysetusing
standard machinelearningmethods.
Thesurfaceapproximationis basedona modi�ed SupportVectorregression.We presentapplicationsto 3D head
reconstruction,includingautomaticremoval of outliersandhole�lling .
In a secondstep,webuild onour SVrepresentationto computedense3D deformation�elds betweentwoobjects.
The�elds arecomputedusinga generalizedSVMachineenforcingcorrespondencebetweenthepreviouslylearned
implicit SVobjectrepresentations,aswell ascorrespondencesbetweenfeaturepointsif such pointsareavailable.
Weapplythemethodto themorphingof 3D headsandotherobjects.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling— Curve,surface,solid,andobjectrepresentation

1. Intr oduction

During recentyears,statisticallearningtechniqueshave at-
tractedincreasingattentionin variousdisciplinesof com-
puterscience.Learningmethodsarein generalapplicablein
all situationswhereempiricaltrainingdataareavailable,and
ageneralizationto novel instanceshasto beestablished.De-
pendingon thecomplexity of the functionaldependency to
beestimated,thiscanbeachievedby low-dimensionalpara-
metricmodels,or by moregeneral,non-parametricmethods.

A particularclassof non-parametricmethodswhich have
becomepopularin machinelearningandstatisticsareker-
nelmethodsor kernelmachines[SS02]. All kernelmethods,
including the well-known SupportVectorMachine(SVM)
[Vap98], sharethe useof a positivede�nite kernel k : X �
X ! R. Here, X is the domainin which the empirical
datalive. In patternrecognition,say, X might be a vector
spaceof images.In this paper, we assumeX to beR3 or a
subsetthereof,containingthe point cloud samplesand the
implicit surface.Positive de�nite kernelsarecharacterized
by the propertythat thereexists a mappingF from X into
a Hilbert spaceH (termedthe reproducingkernel Hilbert
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Figure 1: ThemappingF de�ned by thekernel functionk
(Equation1) transformsthe3D surfaceto a hyperplanein a
high-dimensionalHilbert space.

spaceassociatedwith k) suchthatfor all x;x02 X ,

k(x;x0) =


F (x);F (x0)

�
: (1)

Eq. (1) has far-reachingconsequences.It implies that
whenever we have an algorithm that canbe carriedout in
termsof innerproducts— essentially, all algorithmsthatcan
be formulatedin termsof distances,lengths,andangles—
wecanconstructanonlineargeneralizationof thatalgorithm
by substitutinga suitablekernelfor theusualinnerproduct.
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Figure 2: The secondalgorithm presentedin this paper
computesa densecorrespondence(dashedarrows)between
tworegionscontainingthesurfaces(shadedgray)bymatch-
ing implicit surface representationsand given additional
pairsof correspondingfeaturepoints(black circles).

Implicitly, wearethencarryingoutthealgorithmin the(pos-
sibly in�nite-dimensional)Hilbert spaceH . Thecoreideaof
kernelmethodsis thus to reducecomplex nonlinearlearn-
ing problemsto linearestimationproblemsin Hilbert spaces.
For instance,in SVM classi�ers,theelementsof two classes
areseparatedby a hyperplanein H . SVM classi�ers form
a very generalclassof learningmachines,andthey include
many commontypesof neuralnetworks asa specialcase,
e.g.,2-layerfeedforwardnetworksandradialbasisfunction
(RBF)networks.

In thispaper, wepresentamethodthatrepresentsthesur-
faceof a 3D object in termsof a hyperplanein H , given a
pointcloudof surfacepointsastrainingdata(Figure1). This
implicit surfacecanbe usedfor smoothing,de-noisingand
hole �lling. We thentake the approachonestepfurther by
learninga kernelbaseddeformationmappingwhich, given
two objectsimplicitly representedby kernelmachines,will
transformone into the other (i.e., a warp �eld). If pairsof
featurepoint correspondencesareavailablefor guiding the
warp�eld, they aretakeninto accountby thealgorithm.Un-
like mostpreviousmethodsfor surfacecorrespondence,our
methodprovides an estimateof correspondencein the 3D
volumearoundthesurface(Figure2). For humanfaces,this
can be usedfor warping additionalstructures,suchas the
eyeglassesshown in thesupplementalmaterial,or anatomi-
cal structuresinsideof thehead,suchasteethor bonestruc-
tures.Our new techniquecanbeappliednot only for visual
effects,but also in medicineor for scienti�c visualization
andmodelingof volumedata.

The next sectionbrie�y reviews relatedwork. Section3
presentsourapproachfor SVM surfacereconstruction.Sec-
tion 4 describesthe kernelbaseddeformationmappingbe-
tweenimplicit surfaces.Section5 givesexperimentalresults
on both proposedapproaches,andwe concludewith a dis-
cussionof our �ndings (Section6).

2. Relatedwork

The approachesto the constructionof implicit surfacerep-
resentationscan be divided into threegroups:Somealgo-

rithmsapproximatethesigneddistancefunctionby thedis-
cretizedsolution of partial differential equationsand ap-
ply it to surfaceediting applications[MBWB02]. Another
powerful class are methodsbasedon local approxima-
tions of the surface,suchas Moving-Least-Squaresmeth-
ods[ABCO� 03,PKKG03,SOS04] andMulti-level Partition
of Unity [OBA� 03].

The third class,into which our own methodfalls, usea
global representationof the implicit surfacefunctionbased
on an expansionin radial basisfunctions(RBF). Someau-
thors have proposednon-compactlysupportedbasisfunc-
tions [CBC� 01, TO99], othershave usedcompactlysup-
portedbasisfunctions[MTR� 01,OBS03] aswe do. Unlike
thesemethods,whichperformaleast-squaresapproximation
with a regularizationterm that avoids over-�tting andpro-
ducesa smoothresult,our implicit functionalgorithmuses
a distancefunctionthat is morerobusttowardsoutliers,and
anotherapproachfor controllingsmoothnessthat is derived
from machinelearning.[WL03] proposeda level setestima-
tion methodusinganSVM classi�er for 2D outlineestima-
tion in computervision.[SGS05] recentlypresentedanalgo-
rithm which is basedon one-classclassi�ers.Both methods
do not attemptto approximatethe signeddistance,nor do
they scalewell enoughto beappliedto datasetssuchasthe
largestin thepresentpaper.

Automatedalgorithmsfor computingpoint-to-pointcor-
respondencesbetweensurfaceshave beenpresentedprevi-
ously in the context of 3D morphablemodels.For parame-
terizedsurfacesof humanfacesthat were capturedwith a
laserscanner, a modi�ed optical �o w algorithm hasbeen
proposed[BV99]. On moregeneralshapessuchasanimals
or humanbodies,methodshave beendevelopedthatmatch
eachmeshvertex of the�rst shapeto themostsimilar point
on the secondmesh[She00, ACP03]. Thesemethodsmin-
imize the distanceto the target mesh and maximize the
smoothnessof the deformationin termsof stiffnessof the
sourcemesh[She00] or the similarity betweentransforma-
tions of adjacentvertices[ACP03]. For matchingpartially
overlappingportionsof the samesurface,Iterative Closest
PointAlgorithms[BM92,RL01] providea reliablesolution.
A varietyof methodsareavailablefrom medicaldataregis-
tration[AFP00]. However, thesemethodsdonotuseimplicit
functionsandmachinelearningmethods.

Unlike deformationsthat are de�ned only on the sur-
face,a volumedeformationalgorithmbasedon free-form-
deformationswith B-Splinesbetweenlandmarkpointshas
been describedfor MRI scansof human brains [RF03].
[MKN � 04] extenda physically plausibledeformationfrom
a setof samplepoints to the whole objectusinga Moving
LeastSquaresapproach.[COSL98] morphtwo objectsinto
eachotherby �rst applyinganelasticdeformationbasedon
featurepoint correspondencesand then blending two im-
plicit functionsdescribingtheobjectsinto eachother.
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3. Surfacereconstruction

Implicit surfacemodelingis basedon the idea that a sur-
face can be describedas the set of all x 2 X � RD (D
being the dimensionof input space)for which a function
f : X ! R equalszero. The methodpresentedhere will
modelthis functionasahyperplanein the(reproducingker-
nel) Hilbert spaceH , i.e., as the zerosetof the functional

f (x) = hw;F (x)i + b; (2)

wherew 2 H ;b 2 R. This hyperplanewill approximately
passthroughthegivensurfacepoints,mappedinto H via F .

In Section3.1 we will show how this hyperplanecanac-
tually becomputed.It will turn out that f canbewritten as

f (x) =
m

å
i= 1

a ik(xi ;x) + b; (3)

wherek satis�es (1). We will usea radial basiskerneland
call the xi kernel centers or basepoints. It is clearthat one
cantrivially “solve” thisproblemby settingw andb to zero.
To avoid this,wewill includeoff-surfacetrainingpointsand
enforce f to take nonzerovalueson thosepoints,to be ex-
plained in Section3.2. In Section3.3 we will describea
multi-scalescheme,andin Section3.4weshow how thenec-
essaryparameterscanbeselectedautomatically.

3.1. A Simpli�ed SVM RegressionAlgorithm

Our goal is to �t the function f to a given training set
of points x1; : : : ;xm 2 X and correspondingtarget values
y1; : : : ;ym 2 R. For surface points, the target values are
yi = 0. We usean adaptationof the so-callede-insensitive
SVM regressionalgorithm[Vap98,SS02].

As a best�t, we �nd a trade-off betweenpenalizationof
errorsandregularizationof thesolutionvia theHilbert space
norm of w. The term kwk2 is often referredto as a large
margin regularizer, as its minimization in an SV classi�er
inducesa large margin of separationbetweenthe classes.
Alternatively, it canbe interpretedasenforcingsmoothness
of thesolution(for details,see[SS02]).

A differenceof thefunction f (x) = hw;F (x)i + b atpoint
xi to the target value yi is penalizedlinearly as soonas it

exceedsthe thresholde � 0 by a value x(� )
i � 0. This e-

insensitivelossfunction[Vap98] makesthe SVM morero-
bustto heavy-tailednoise(suchasoutliers)thanthesquared
loss regressionwhich is usedin standardleast-squaresap-
proaches[SS02].

With aparameterC > 0 thatcontrolsthetrade-off between
errorpenalizationandfunctionregularization,weobtainthe

following convex quadraticoptimizationproblem:

minimize
w2H ;xi ;x�

i 2 R

1
2

kwk2 + Cå
i

(xi + x�
i ) (4)

subjectto hw;F (xi)i + b� yi � e+ xi

�h w;F (xi)i � b+ yi � e+ x�
i

xi ;x
�
i � 0

Hereandbelow, indicesareassumedto run or to sumover
1; : : : ;mby default.

In contrastto standardSV regression,we settheoffsetb
to a �x edvalue(seeSection3.3). Thiswill simplify thedual
formulationof theoptimizationproblem.Thedualproblem
is obtainedby usingtheformalismof constrainedoptimiza-
tion,known asLagrangeduality for thecaseof equalitycon-
straintsandextendedby Karush,KuhnandTucker(KKT) to
the caseof inequalityconstraints(seee.g.[SS02]). A stan-
dardcalculationleadsto:

minimize
a i ;a �

i 2 R

1
2

aTKa + å
i

(a i � a �
i )yi + eå

i
(a i + a �

i ) (5)

subjectto 0 � a i ;a
�
i � C

wherea = (a1 � a �
1; : : : ;am � a �

m)T ;Ki j = k(xi ;x j ). Using
theKKT optimality conditions,it canbeshown that theso-
lution satis�esw = å m

i= 1 a iF (xi). Note that unlike (4), this
problemdoesno longerexplicitly dependon F or any ele-
mentof H . Togetherwith thekernelequation(1) thehyper-
plane f canbeexpressedin termsof kernels(3). This step,
which is crucial to all SV methods,reducesthe innerprod-
uct betweentwo possiblyin�nite-dimensionalvectorsto an
expansionwhichcanbeevaluatedef�ciently .

Problem(5) is aconvex quadraticprogramwith apositive
de�nite matrix K anda box constraint.We employ a sim-
ple coordinatedescentoptimizationscheme,selectingone
dimensionata timeandoptimizingtheobjective functionas
a functionof thatvariablewith theothers�x ed:

anew
i =

� yi � e� å j6= i Ki ja j

Kii

If anew
i falls out of the interval [0;C] we setit to theclosest

feasiblepoint.Thisupdatewhich is similar to thesymmetric
Gauss-Seidelmethodcanbedoneveryef�ciently in constant
time, if K is sparse.To ensuresparsityof K, we usethe so
calledWu function[Sch95] asakernel,

k(r) = (1� r)4
+ (4+ 16r + 12r2 + 3r3);

wherer = kx� yk
s . It hascompactsupportof sizes > 0 and

is in C2(R3). As the result is differentiable,we cancalcu-
late higher order differential characteristicsof the implicit
surface,suchasGaussianor meancurvature[TG95].

While we have presently introduced the optimization
problem(5) in a somewhat heuristic fashion,it shouldbe
stressedthatthereareseveralwaysto justify it theoretically:

� Uniform convergenceboundsare generalizationsof the
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classicallaw of largenumberswhich imply thatempirical
estimatesof error rateswill converge to true error rates
provided certainnotionsof capacityof function classes
arewell-behaved. In the caseof SV regression,onecan
show that thequantitykwk2 is sucha way to control the
capacityof the classof linear functions(2), andonecan
derive probabilisticupperboundson theerrorof theesti-
matedfunctiononpreviouslyunseenpoints(theso-called
generalizationerror). Theseboundsdependessentiallyon
thetrainingerrorandthesizeof kwk2 [Vap98].

� AlgorithmicStabilityis a notionthatmeasureshow much
thesolutionof anestimationproblemchangesif thetrain-
ing set is perturbed.High stability combinedwith low
training error leads to a low generalizationerror, and,
as above, high stability can be relatedto a small kwk2

[BE01,SS02].
� RegularizationTheory— a small valueof kwk2 canbe

shown to inducesmoothnessof theestimatedfunction in
akernel-dependentmanner;for detailssee[SS02].

� Compression— for SVM classi�ers,onecanshow that
a solution with a small kwk2 can be interpretedas a
compressionof the training target values,given the in-
put points.This alsoleadsto generalizationerrorbounds
[vLBS04].

� Bayesian“Maximum A Posteriori” Methodsleadto opti-
mizationproblemsof theform (4) andareoptimal in the
senseof producingthemostlikely model,given theem-
pirical data,anobservationerrormodel,andaprior distri-
bution formulatedin termsof kwk2. Wepointout thatthe
observation error modelunderlyingthe squaredlossis a
Gaussian,while thee-insensitive lossusedin our method
arisesfrom adistributionwith heavier tails [SS02], which
is betterableto modeloutliers.

3.2. Training Point Generation

Thegoalof thissectionis to estimatethefunction f suchthat
it reproducesthe signeddistancein the vicinity of the sur-
face.This not only helpsto avoid trivial solutionsf (x) � 0,
but alsode�nes a functionalsurfacedescriptionthatcanbe
usedfor a varietyof purposes,suchascollision detectionor
3D morphing(Section4). Similarly to [CBC� 01] weachieve
thisgoalby includingadditionalinputpairs(xi ;yi) with base
pointsxi oneithersideof thesurface.Theseadditionaltrain-
ing pointsaregeneratedby displacinggiven surfacepoints
along their surfacenormalsby a distanceyi , using nega-
tive valuesinsideandpositive onesoutside.The distances
alongthe normalsarechosensuchthat the kernel function
k(x) = k(xi ;x) hasa stable,non vanishinggradienton the
supposedsurface.

Whendecidingwhetherto includea thusconstructedoff-
surfacepoint in the training set,we usea heuristicto en-
surethat its target valueyi is approximatelywithin 10% of
thecorrectsigneddistance.Clearly, the truedistanceof the
point is atmostjyi j. However, it mayhappenthatthesurface

bendsaround,andit in factis closerthanthis.Wediscardthe
point if thereexistsa surfacetrainingpoint at a distanceof
lessthan0:9jyi j. Themethodworkedwell in all our experi-
ments.We assumethatsurfacenormalsaregiven,or canbe
computedfrom meshconnectivity or nearestneighborinfor-
mation.Theabove consistency checkandthechoiceof loss
functionmakethemethodrobustwith respectto noisein the
normalestimates.

It is awell-known andfundamentalpropertyof SVMsthat
in the resultingexpansionof f (Equation3) a largeportion
of coef�cients a i mayvanish,so f dependsonly onasubset
of kernelcentersxi [SS02] (calledSVs). The SVM adapts
thedensityof contributing kernelcentersxi to thecomplex-
ity of the surface.However, it is in generalnot known be-
fore training which points will end up becomingSVs. As
a consequence,the runtime of a “vanilla” implementation
of SVMs scaleslike O(m3). In our speci�c problem,how-
ever, wecanmake theoptimizationalgorithmmoreef�cient
by pre-selectingpointsbeforetraining:In a box subdivision
scheme,aninitial boundingbox is recursively subdividedto
agivenresolutionde�nedby thekernelsupport,andthecen-
ter pointsareextracted.Thatway thenumberof basepoints
within the supportof a kernelfunction is limited to a �x ed
number. When solving the optimizationproblems,it turns
out that most of the thus constructedtraining points will
wind up beingSVs.The above procedurecanthusalsobe
viewedasawayof preprocessingthetrainingsetto identify
pointswhicharelikely to becomeSVs.

For computingthekernelmatrix,weapplyafastO(logm)
nearest-neighborsearcher, reducingthe runtime scalingof
this stepfrom O(m2) to O(m logm). Thesamemethodalso
guaranteesfastevaluationin O(logm) time.

The overall training time of our algorithm,including the
SVM optimization,is alsoO(m logm), andthe storagere-
quirementis linear, makingit applicableto largedatasets.

3.3. Multi ScaleApproach

In orderto obtaina simpleandsmoothsolutionwhich can
interpolateacrossholesin thesurface,weuseacombination
of kernelsat different sizes.We apply an iterative greedy
multi-scaleapproximation,startingon a very coarselevel
to approximatethesigneddistancefunction.On subsequent
�ner scales,weonly approximatetheresidualerrors.The�-
nal function is given asthe sumof the functionscomputed
at eachlevel. We setthe �x ed offset b equalto the biggest
kernelwidth.

While iterating throughthe different scales,we discard
a proposedbasepoint if the valueof the functionat higher
levelsis alreadywithin thedesired�tting accuracy. As larger
kernelscandescribe�at regionsratherwell, the numberof
basepointsautomaticallyadaptsto thecomplexity of theob-
ject.
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Figure3: Animplicit surfacereconstructionof thedragonof
theStanford 3D ScanningRepository. Theoriginal meshhas
more than 400kdata points.Our reconstructionuses280k
kernelcenters.

3.4. Parameter Selection

The systemparameterscanbe determinedwithout userin-
teraction.For the kernelwidths at differentscales,we use
a cascadeof 1=2;1=4; ::: of thediameterof theobject.This
choiceprovidesthemodelwith enoughvariability to recon-
struct �ne detailswhile reliably extrapolatingacrosslarger
distances.Re�nementstopsautomaticallywhennonew base
pointsareaddedany more,i.e.whenall proposedbasepoints
arewithin thedesired�tting accuracy. For our testdatasets,
� ve to six scalesgavevisuallyplausibleandpreciseresults.

Theregularizationparametersaremoredif�cult to deter-
mine. We usea simplevalidationscheme:In this scheme,
only a subsetof points are usedfor �tting, while the oth-
ersare independentdatato test the generalizationerror. If
therelative weightof theregularizeris too high (smallC in
(4)), thefunctionis smoothbut doesnot �t thetrainingdata.
If, on theotherhand,thelosstermof theobjective function
is given too much weight (large C in (4)), we experience
over�tting andthegeneralizationto non-trainingpointsde-
teriorates.We�nd theoptimalweightby measuringthegen-
eralizationerrorfor differentvalues.Theoptimalparameter
valuestransferwell acrossabroadclassof objects.

4. Dense3D Deformation Fields

Findinga deformation�eld for morphingobjectsand,more
generally, de�ning acriterionfor correctcorrespondencebe-
tweensurfacesarechallengingproblems.Thealgorithmpre-
sentedin this sectioncomputesa smooth3D deformation
�eld betweentwo implicit surfaces.Unlikemostothermeth-
ods,it givesanestimateof deformationnot only on thesur-
face,but on theentire3D volumethatembedsit, which can
beusefulfor a largerangeof applicationsnotonly in graph-
ics,but alsoin medicineandengineering.

Figure 4: Holesdueto occlusionsin the scanningprocess
(left) are �lled by theimplicit surface(right).

The mappingcomputedby the proposedalgorithm pre-
serves the value of the function implicitly describingthe
object not only on the surface f (x) = 0, but also on off-
surfacepoints.By construction,this impliesthatit preserves
the valueof the signeddistancefunction.Whilst we found
this to work ratherwell, performancecanin somecasesbe
improved by enforcinginvarianceof additionalquantities,
suchasderivativesof thesigneddistancefunction.For fur-
therdetails,see[SSB05].

In many applications,point-wise correspondencesare
easyto �nd, suchasthe tip of the nosein faces.The chal-
lengethenis to extendtheseinto acompletecorrespondence
�eld for all on- andoff-surfacepoints.In our approach,we
assumeourobjectsto bealignedandscaledto thesamesize
(there is a numberof algorithmsto solve the registration
problemgivena few correspondences[HS92]).

Suppose(xi ;zi) 2 X � X ; i = 1; : : : ;m, arecorresponding
point pairs,wherethe xi lie on the �rst and the zi on the
secondobject.Weusethetransformation

x 7! x+ t (x) (6)

with thedisplacement�eld t : X ! X minimizing

1
2

D

å
d= 1

kwdk2 + Ccorr

m

å
i= 1

kxi + t (xi) � zik
2

+ Cdist

Z

X
j f1(x) � f2(x+ t (x)) j2 dx (7)

over thewd 2 H , where(following theSVM approach)we
model eachcoordinateof t as a linear functional t d(x) =
hwd; f (x)i , correspondingto a hyperplanein H . The �rst
term of (7) is the large margin (or smoothness)term of
SVMs, and the secondterm penalizeserrorsin the known
correspondingpoint pairs.Thethird termusesthefunctions
f1; f2 implicitly describingthe two objects, respectively.
Sincethesefunctionsare constructedusing the methodof
Section3, they approximatethe signeddistancefunction.
Therefore,minimizing this term will leadto a deformation
t which preservessigneddistances:pointswill tendto get
mappedto pointswith the samedistanceto the (new) sur-
face.
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Figure 5: A headmodelreconstructionwith differentregularizationparameters.Theleft image usestheparameters chosenby
theautomaticvalidationprocedureproposedin Section3.4, which leadsto accurateresults.For someapplications,a smoother
surface(center)maybepreferable. Additionalsmoothingwithout re-�tting canbeobtainedby just excludingthe�nest scales
duringevaluationasdemonstratedin theright �gur e.

Figure 6: Theoutlier noisein the left scanwasautomaticallyremovedwith our methodusinga linear lossfunction(center).
For thesquaredlossfunction(right) eventhebestparametersetproducedsomespurioussurfaces.

In (7), the integral is takenover thewholedomainX on
which we want to usethewarp.To turn this into a practical
problem,we �rst convert the integral into a �nite sum by
samplingpoints,sayfromtheareaonandaroundthesurface.
Moreover, if we setCdist to zero initially, the problemcan
be decomposedinto D convex quadraticprogramsfor wd
correspondingto SVMs with squaredlossfunction.Taking
this asan initial solution,we thenoptimizethe dual of (7)
usinggradientdescent.

We usethesamekernelasabove andalsoapplya multi-
scalescheme.In orderto make surethat the sparsefeature
pointcorrespondencesleadto agoodinitial guessin a larger
vicinity, we apply wide kernels.For matchingdetail struc-
tureson the surfaceof the secondobject,we needenough
�e xibility in the modelasprovided by smallerkernels.We
iteratethe optimizationprocedurefrom coarseto �ne and
take eachlevel's resultsas the initial solution for the next
level.

Although the problem of warp �eld estimation looks
ratherdifferentfromtheimplicit surfaceestimationproblem,
theoptimizationproblemsandthemulti-scalestrategiesare
rathersimilar, enablingusto re-usealmostall of ourcode.

5. Experimental Results

Wehave testedourmethodonanumberof 3D objects,such
asthedragonmodelof theStanford3D ScanningRepository
(seeFigure3), andon scansof humanfacesfrom laseror
structuredlight scanners.

To visualize our implicit surfaces,we use a surface-
following version of the standardMarching Cubesalgo-
rithm.

Speed. Wetestedouralgorithmfor surfacereconstruction
on differentsub-samplingsof the headmodelin (Figure5)
aswell as the dragon(Figure 3). The �tting accuracy was
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Figure 7: A warp betweentheleft triangle andthemiddle/right�gur e (black lines).Thefunctionvaluesof theimplicit surface
functionsarecolor coded.Wemark3 correspondences(redsquares)onbothobjectsandvisualizethewarpona numberof test
points(black crosses).In thecenterimage, thewarp is estimatedjust fromthegivencorrespondences,i.e., withoutour distance
to surfaceerror term.Pointsbetweenthe triangles' corners do not fall on the target shape. With thedistanceto surfaceterm
(right), thewarpmapssurfacepointsto surfacepoints.Thedistanceto thesurfaceis preservedfor off-surfacepoints.

setto 0.1%of theobjectdiameter. Thetimespresentedhere
includetheentireprocessof basepoint generationandopti-
mizationon 6 scales.All testswererun on anIntel Pentium
4 2.2GHzprocessorwith 1 GB RAM.

Object # Points Time [s] # Kernelcenters
Head 2509 3.4 7797
Head 15k 12.4 20297
Head 51k 23.3 25563
Head 178k 34.9 30162
dragon 405k 319 284003

For a given dataset, the numberof kernel centerssatu-
rates(cf. numbersof theheadmodel)asthenumberof input
surfacepointsincreases.Flat, denselysampledregionscan
alreadybeapproximatedwith afew largekernels,soalarger
numberof pointsdoesnot increaseprecision.Thealgorithm
discardsthemduringthebasepointgenerationprocedureon
�ner scales.If, on theotherhand,thestructuresof theobject
aremorecomplex (e.g., the dragonmodel), then the num-
berof requiredkernelcentersincreasessigni�cantly, which
demonstrateshow our algorithmautomaticallyadaptsto the
object's complexity.

We tried to comparethe implementationof our method
with the stateof the art FastRBFcodeof [CBC� 01]. Trial
versionsof this systemareavailablein public domain.The
authorsof [CBC� 01] have told usthatthereis a multi-scale
versionof their system,but the codeavailable to us does
not includethat. It produceslarge numbersof RBF centers
whichmakesa fair comparisondif�cult. For theheadmodel
with 50kinputpointstheruntimewasmorethan7minusing
morethan100kRBF centers.In caseswherebothmethods
usedthesamenumberof kernelcentersfor optimization,our
coderan abouttwo to threetimes fasterthan the FastRBF
code.This is probablydueto the fact thatour optimization
procedureis extremelysimple(in fact,thecoreprocedureis
only 15 linesof C++ code)whereas[CBC� 01] usesophisti-

catedapproximationschemesto handlenon-compactlysup-
portedRBF functions.

Smoothing, Denoising, Hole �lling A commonappli-
cation of implicit surface representationsis interpolation
acrossholes and smoothing of real world datasets.As
demonstratedin Figures4 and 5, our methodsolves both
tasksequallywell. Unlikemostothermethods,whichrelyon
asquaredlossfunction,our resultsarerelatively robustwith
respectto outlier noise,which is a commonphenomenonin
raw dataof many typesof scanners.Our SVM approachis
basedon a robust error measurewhich weighslarge devia-
tionslessstronglythansquarederrormeasureswould.

The effect of different loss functionsis demonstratedin
Figure6. Whenusinga squaredloss function in our algo-
rithm, a3D datasetwith hugeoutliers(anoriginalscanfrom
a structured-lightscanner)did not yield acceptableresults,
while our SVM methodcould deal with this datasetwith
only aminorchangeof theparameterset.

Signed distance function For the constructionof 3D
warp �elds, we rely on the fact that our implicit represen-
tationlocally approximatesthesigneddistancefunction.We
evaluatedthe quality of this approximationby plotting the
function valuefor pointsshiftedalongthe surfacenormals
(Figure8). Thediagramindicatesthatthefunctionvaluesare
agoodapproximationto thesigneddistanceupto about15%
of theobject'sdiameter. Thevalidity rangecanbeincreased
by includinglargerkernelsinto themulti-scaleiteration.

Deformation �elds Figure7 demonstratesour deforma-
tion �eld algorithmin a simpletoy environment.We �t im-
plicit surfacefunctionsto two shapes,andconstructa warp
�eld usingthreegivencorrespondencepairs.

We show its effect on sometestpoints.If we neglectour
distanceto surfaceerror term in (7) the bestwarp is one
which mapsthe correspondingpoints onto eachother and
leavesthe geometryof the objectunchangedasfar aspos-
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A B C D E F
Start 50% 100% Target No Correspondence Featuresonly

Figure9: A morphbetweentwofaces(A andD, with markers).FiguresB andC showintermediatemorphsof themeshvertices.
Notethat the100%image equalsthetarget image D precisely. Figure E showsa 50%morphwithoutcorrespondenceswhere
the surfaceis just projectedfrom faceA to D, producingghoststructures(e.g., a doublemouth).Figure F showsan elastic
deformationjust using the point correspondenceswithout the distance-to-surfaceerror term: Thecorrespondingpointsare
mappedaccurately, but theoverall facestructure is notalignedwith thetargetD.

Start Target 25% 50% 75% 100%
Figure10: TheStanford bunny'sheadmorphedinto a humanhead.Weusedthesametechniqueasin Figure 9.
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Figure8: Theimplicit surfacefunction f of Figure5, plotted
along the surfacenormals,reproducesthe signeddistance
functionwithin a range of 15%of theobjectdiameter. Red:
valuesfor trainingpoints,blue:generalizationto all surface
points.Bothlinesarealmostidentical.Theblack line shows
thetruesigneddistance.

sible.Our deformation�eld, on the otherhand,guarantees
that surfacepoints of object one are mappedonto surface
pointsof objecttwo. For off surfacepoints,theimplicit sur-
facefunctionvalueandtherebythedistanceto thesurfaceis
nicelypreserved.

The secondexample shows a morph betweentwo 3D
heads.We de�ned 18 correspondenceson distinct feature
pointsaswell ason thebordersof theshape.Then,we �tted
two implicit representationsto themodelsandcalculatedthe
deformation�eld in theneighborhoodusingtheproposedal-
gorithmof Section4. It is importantto notethat,only after
computingthedeformation�elds from implicit surfaces,we
apply it to theverticesof a polygonalmesh.We linearly in-
terpolatebetweenthe initial and �nal positionsof the ver-
ticesto gettheintermediatesteps.

The resulting transformationlooks visually plausible
(Figure9). It preservesthelocalgeometryduringthemorph
andproducesvalid andrealisticshapesat intermediatesteps.
Thetransformedmeshapproximatesthegeometryof thetar-
get object,anddifferencesin the implicit surfacefunction
valuesbetweeninputandtargetpointsarereducedto values
on the orderof 10� 3 of the objectdiameterwhile keeping
thecorrespondenceswithin adistanceof 10� 4.

SeeFigure10 to seehow we appliedthesametechnique
asabove to morphtheStanfordbunny's headinto a human
head.Again theintermediatestepslook plausible- asfar as
possible.

Thecomputationaleffort toconstructthesewarpsdepends
signi�cantly on how denselythedesiredwarpingvolumeX
is sampled.We usedthe basepoint generationalgorithm
from Section3.2 to generatethesesamplepoints.Without
discardingany points as in the reconstructionalgorithm,
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A B C D E F
Figure11: To demonstratehowour deformation�eld extendsfromthesurfaceinto space, weputsunglasseson thestart head
(FiguresA, C andE). Themeshverticesof theglasseswere transformedwith our deformation�eld to yield FiguresB, D and
F. Notehowtheglassesare smoothlydeformedto �t thenew headandto keepthedistanceto thefacial surfaceapproximately
constant.

around100k centersareusedfor the 3D morphs.The run-
time usingour currentimplementationof thetrainingof the
warp,which is notyetoptimizedfor speed,is thenabout2h.

If many correspondencesareavailable,for examplefrom
a densesurface-basedcorrespondence�eld, our algorithm
can be usedto extrapolatethe 3D deformationto the sur-
roundingvolume.Basedon a subsetof correspondencesfor
trainingthedeformation,thewarpcanbeevaluatedwith the
restof thecorrespondenceinformationfor anautomaticpa-
rameterselectionprocessasusedwith the implicit surface
functionestimation.

In a last experimentwe �tted a pair of sunglassesto our
initial head.We transformedits meshwith our spacewarp
(Figure11) to show how thedeformation�eld is not justde-
�ned on thesurfacebut alsoextendsinto space.Theglasses
are automaticallydeformedto �t the smallerhead,and to
preserve thedistanceto thesurface.

6. Discussion

Wehavepresentedamachinelearningapproachto 3D shape
processingthatinvolvesastatisticaltreatmentandalearning
machineto solveproblemsof functionestimationfromtrain-
ing examples.Our novel algorithm for estimatingimplicit
surfacesfrom pointclouddatais basedonanSVM formula-
tion of theproblem,with ane-insensitive lossfunctionand
a (in our casecompactlysupported)kernelfunction. In the
vicinity of thesurface,thefunctionde�ning theimplicit sur-
faceapproximatesthe signeddistance.Moreover, we have
addressedthe problemof estimatinga dense3D deforma-
tion �eld from implicit representationsof 2D surfacesand,
if available,pairsof correspondingsurfacepoints.Thealgo-
rithm is again basedon an SVM method,andit containsa
criterionfor surface�tting, which is to preserve theimplicit
surfacerepresentationandthesigneddistancefunction.

Due to the use of an e-insensitive loss function, our
methodis betterat dealingwith outlier noisethanstandard
least-squares�ts that arecommonlyusedfor shaperecon-
struction.We believe that this is useful in a rangeof in-
terestingapplicationsin processingscandata.Well-known
problemsin processingscandata,suchas hole-�lling and

outlier removal, canbesolvedwith our framework. Our ef-
�cient algorithmis relatively easyto implement.Parameters
of the SVM algorithmaresetautomaticallyin a validation
procedureonsampledatafor one3D object,andcanthenbe
transferredto novel objects.

Our 3D correspondencealgorithmmapsnot only thesur-
face,but alsothesurroundingvolumes,which could,for in-
stance,be usedto register medicalvolume databasedon
point- or surface-correspondence.Establishingcorrespon-
dencebetweensurfaceshasbecomerelevant for statistical
treatmentsof classesof objects[BV99], andwe anticipate
thattheextrapolationin depthwill opennew �elds of shape
modelingin thefuture.

Dueto theextensiveresearchin the�eld of machinelearn-
ing in recentyears,our approachhasa solid theoreticalba-
sis.It builds on principledmethodsensuringthebestpossi-
ble generalizationability of thefunctionestimate,giventhe
(potentially)noisydatasampleavailable.

We believe thatthepresentwork canserve asanexample
for thepotentialof machinelearningmethodsfor shapepro-
cessingtasks.The methodsdescribedin this paperarebut
a startingpoint, andwe areworking on a rangeof possible
extensionsandimprovements,including the studyof other
kernels.

Acknowledgements

Theauthorswishto thankKristinaScherbaumfor helping
to producethevideoof this paper. We alsothankChristian
Wallraven and Martin Breidt for providing the dataset of
Figure4, andRobertBargmannfor thedatasetsin Figure5
and6.

References

[ABCO� 03] ALEXA M., BEHR J., COHEN-OR D.,
FLEISHMAN S., LEVIN D., SILVA C. T.: Computing
andrenderingpoint setsurfaces. IEEE Transactionson
VisualizationandComputerGraphics9, 1 (2003),3–15.

[ACP03] ALLEN B., CURLESS B., POPOVIC Z.: The
spaceof humanbodyshapes:reconstructionandparame-

c
 TheEurographicsAssociationandBlackwellPublishing2005.



F. Steinke, B. Schölkopf& V. Blanz/ SupportVectorMachinesfor 3D ShapeProcessing

terizationfromrangescans.In Proc.ACMSIGGRAPH'03
(2003),pp.587–594.

[AFP00] AUDETTE M. A., FERRIE F. P., PETERS T. M.:
An algorithmic overview of surface registration tech-
niquesfor medicalimaging. Medical Image Analysis4,
3 (2000),201–217.

[BE01] BOUSQUET O., ELISSEEFF A.: Stabilityandgen-
eralization. Journal of Machine Learning Research 2
(2001),499–526.

[BM92] BESL P. J., MCKAY N. D.: A methodfor reg-
istration of 3–D shapes. IEEE Transactionson Pattern
AnalysisandMachineIntelligence14, 2 (1992),239–256.

[BV99] BLANZ V., VETTER T.: A morphablemodelfor
thesynthesisof 3D faces.In Proc. ACM SIGGRAPH'99
(1999),pp.187–194.

[CBC� 01] CARR J. C., BEATSON R. K., CHERRIE J. B.,
M ITCHELL T. J., FRIGHT W. R., MCCALLUM B. C.,
EVANS T. R.: Reconstructionandrepresentationof 3D
objectswith radial basisfunctions. In Proc. ACM SIG-
GRAPH'01(2001),pp.67–76.

[COSL98] COHEN-OR D., SOLOMOVIC A., LEVIN D.:
Three-dimensionaldistance�eld metamorphosis.ACM
Trans.Graph.17, 2 (1998),116–141.

[HS92] HARALICK R., SHAPIRO L.: Computerandrobot
vision, vol. 2. Addison-Wesley, Reading,MA, 1992.

[MBWB02] MUSETH K., BREEN D. E., WHITAKER

R. T., BARR A. H.: Level setsurfaceeditingoperators.
Trans.Graph.21, 3 (2002),330–338.

[MKN � 04] MÜLLER M., KEISER R., NEALEN A.,
PAULY M., GROSS M., ALEXA M.: Point basedani-
mationof elastic,plasticandmeltingobjects.In Proceed-
ings of the ACM SIGGRAPH/EUROGRAPHICSSympo-
siumonComputerAnimation(Aug 2004).

[MTR� 01] MORSE B. S., TS Y., RHEINGANS P., CHEN

D. T., SUBRAMANIAN K.: Interpolatingimplicit surfaces
from scatteredsurfacedatausingcompactlysupportedra-
dial basisfunctions. In Proc. of the InternationalCon-
ferenceon ShapeModelingand Applications(SMI2001)
(2001),IEEEComputerSociety, pp.89–98.

[OBA� 03] OHTAKE Y., BELYAEV A., ALEXA M., TURK

G., SEIDEL H.-P.: Multi-level partitionof unity implic-
its. In ComputerGraphicsProc. SIGGRAPH'03(2003),
pp.463–470.

[OBS03] OHTAKE Y., BELYAEV A., SEIDEL H.-P.: A
multi-scaleapproachto 3d scattereddata interpolation
with compactlysupportedbasisfunctions. In SMI '03:
Proceedingsof the ShapeModeling International 2003
(2003),IEEEComputerSociety, p. 292.

[PKKG03] PAULY M., KEISER R., KOBBELT L. P.,
GROSS M.: Shapemodelingwith point-sampledgeom-
etry. In Proc.ACM SIGGRAPH'03(2003),pp.641–650.

[RF03] RUECKERT D., FRANGI A. F.: Automaticcon-
structionof 3-dstatisticaldeformationmodelsof thebrain
using nonrigid registration. IEEE Trans. on Medical
Imaging22, 8 (2003),1014–1025.

[RL01] RUSINKIEWICZ S., LEVOY M.: Ef�cient variants
of theICP algorithm.In Proc.Conf. on3D Digital Imag-
ing andModeling(2001),pp.145–152.

[Sch95] SCHABACK R.: Creating surfacesfrom scat-
tereddatausing radial basisfunctions. In Mathemati-
cal Methodsfor Curvesand Surfaces, DaehlenM., Ly-
cheT.„ SchumakerL., (Eds.).VanderbiltUniversityPress,
Nashville,1995.

[SGS05] SCHÖLKOPF B., GIESEN J., SPALINGER S.:
Kernel methodsfor implicit surfacemodeling. In Ad-
vancesin Neural InformationProcessingSystems17, Saul
L. K., WeissY.„ BottouL., (Eds.).MIT Press,Cambridge,
MA, 2005.

[She00] SHELTON C.: Morphablesurfacemodels. Int. J.
of ComputerVision38, 1 (2000),75–91.

[SOS04] SHEN C., O' BRIEN J. F., SHEWCHUK J. R.:
Interpolatingand approximatingimplicit surfacesfrom
polygonsoup.ACM Trans.Graph.23, 3 (2004),896–904.

[SS02] SCHÖLKOPF B., SMOLA A. J.: Learning with
Kernels. MIT Press,Cambridge,MA, 2002.

[SSB05] SCHÖLKOPF B., STEINKE F., BLANZ V.: Ob-
ject correspondenceas a machinelearningproblem. In
Proceedingsof the22ndInternationalConferenceonMa-
chineLearning. Bonn,Germany, 2005.

[TG95] THIRION J.-P., GOURDON A.: Computingthe
differentialcharacteristicsof isointensitysurfaces.Jour-
nal of ComputerVision and Image Understanding61, 2
(1995),190–202.

[TO99] TURK G., O' BRIEN J. F.: Shapetransformation
usingvariationalimplicit functions. In Proc. ACM SIG-
GRAPH'99(1999),pp.335–342.

[Vap98] VAPNIK V. N.: StatisticalLearningTheory. Wi-
ley, New York, 1998.

[vLBS04] VON LUXBURG U., BOUSQUET O.,
SCHÖLKOPF B.: A compressionapproachto model
selectionfor SVMs. The Journal of Machine Learning
Research 5 (Apr. 2004),293–323.

[WL03] WALDER C. J., LOVELL B. C.: Kernelbasedal-
gebraiccurve �tting. In ICAPR'2003Proceedings. 2003,
pp.387–390.

c
 TheEurographicsAssociationandBlackwellPublishing2005.


