A StatisticalMethodfor Rolust 3D Surface
Reconstructiorfrom SparseData

Volker Blanz! Albert Mehl;2 ThomasVetteP and Hans-PeteSeidet
1 Max-Planck-Institutfiir Informatik, Saarbiicken, Germary
2 Departmenbf Restoratie Dentistry Ludwig Maximilians University, Milnchen,Germary
3 University of Basel,Departementnformatik, Basel,Switzerland

Abstract—

General information about a classof objects, such as human
facesor teeth, can help to solve the otherwiseill-posed problem of
reconstructing a complete surface from sparse 3D feature points
or 2D projections of points. We presenta technique that usesa
vector spacerepresentationof shape (3D Mor phable Model) to
infer missing vertex coordinates. Regularization derived from a
statistical approach makes the system stable and robust with
respectto noise by computing the optimal tradeoff between
tting quality and plausibility. We presenta dir ect, non-iterative
algorithm to calculate this optimum ef ciently, and a method
for simultaneouslycompensatingunknown rigid transformations.
The systemis applied and evaluated in two different elds: (1)
reconstruction of 3D faces at unknown orientations from 2D
feature points at interactive rates, and (2) restoration of missing
surface regions of teeth for CAD-CAM production of dental
inlays and other medical applications.

I. INTRODUCTION

Dentists and dental techniciansare highly-trained experts
in restoring parts of teeth that are missing, for example
due to caries. They design llings and inlays that t the
boundariesand the overall shapeof the remainingtooth, but
also contain characteristicmorphological patterns, such as
cuspsandgrooves[1]. Humanexperiencewith shape®f teeth
malesthis otherwiseunderconstrainegroblemtractable,and
guaranteesnorphologically adequateresults. We presentan
automatedsystemfor 3D surface reconstructionthat adopts
this knowledge-basedtrateyy.

A relatedproblemfrom a different eld is to reconstruc8D
shapeof objects,suchashumanfacesfrom 2D imagecoordi-
natesof afew featurepoints.This problemis underconstrained
notonly becauseave have to interpolatebetweersparsdeature
points, but also due to the 2D projection of 3D points into
the imageplane.Our algorithmassumeshis projectionto be
orthographic,which is approximatelythe casefor imagesof
facestakenfrom distancef 2 metersor more.Pose Jocation
andscaleof the facemay be arbitrary and unknown.

Fig. 1.  Given the remaining material of a tooth and 10 hand-labeled
feature points (left), our algorithm reconstructsmissing surface regions.
The reconstruction(right) doesnot only t to the original material, but
also containstypical featules of dental morpholay, which are represented
statisticallyin a Morphable Model of 3D teeth.
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Fig. 2. Basedon a vector spacerepresentationand an estimateof the
probability densityof 3D faces,the systemcomputesa complete3D surface
from a spaise setof 2D or 3D point coodinates.

Our learning-basedapproachrelies on a datasetof 3D
scanswhich are corvertedinto a vector spacerepresentation
(MorphableModel). Restrictingpossiblesolutionsto the span
of exampleswe caninfer missinginformationaboutadditional
points, using correlation betweenvector componentswhich
is implicitly storedin the Morphable Model. We shav that
additional regularization is necessaryfor robust and stable
results,and use a statistically motivated regularizationbased
on the probability densityof the examples.The regularization

nds atradeof betweentting the surfaceto thefeaturepoints,
andproducinga plausiblesolutionin termsof prior probability,
This optimum is computedin a direct, non-iteratve way at
interactvve ratesusinga SingularValue Decompositio(SVD).
By simultaneouslyestimating3D shapeandrigid alignment,
our algorithmis robust with respectto unknavn orientation.

The generaltechniquecan be usedfor all problemswhere
sparsemeasurementare given and the full solutionis in the
linear spanof a set of examples.The measurementan be
ary linear mappingfrom the full vector suchas a product
of the following operators:a projectionthat selectsa subset
of vector coordinates(sparsefeaturesor surface regions), a
3D rotation, and a projectioninto the image plane. After a
theoreticalderivation of the algorithm,we presenta compen-
sation schemefor unknowvn rigid alignment, and introduce
constraintsthat restrict points only in one direction while
leaving themunconstrainedlong planesor lines, suchasthe
eyebravs. Individual weightscan be assignedo eachfeature
point, andan iterative re nementparadigmcapturesetailsof
the input data.We presentan interactive programfor model-
basedsurfacereconstructiongive an experimentalevaluation
that demonstrateshe effect of regularization,and presenta
full systemfor restorationof teethin dentistry



Il. PREVIOUS WORK

non-rigid deformationfor trackingof faces,usinga linearized
systembasednamatrix factorization[25], or combinationof

Completion of missing data with Eigenspace-approaches,siica| o w with constraintsderived from deformablemodels

has beenusedfor reconstructingan image of a facefrom a
few pixels[2], andfor reconstructin@D shapeandcolor from
a setof 2D point coordinateg3], [4]. However, thesemethods
appliedaleast-squares without regularization,which malkes
the solutionvery unstable Our statisticalapproachsolvesthis
problem by computingan optimal tradeof both in overcon-
strainedand underconstrainedituationsand in the presence
of noise. Moreover, theseentirely image-basednethodsare
restrictedto frontal views, while our 3D approachand the
automated3D alignment schemeworks for ary unknovn
orientation.Filling-in missing information was also achiezed
asaside-efectin iterative reconstructioomethodg5] and[6].

Regularization has beenapplied to surface reconstruction
from sparsecontradictve or noisy measurements computer
vision in a techniquethat de nes a unique solution for these
otherwise ill-posed problems by minimizing an additional
smoothnes$unctional[7]. In contrastwe usea class-speci ¢
prior probabilitylearnedfrom exampled[6], [8] for regulariza-
tion in a statisticallymotivatedapproactbasedon a maximum
posteriorprobability estimator[9], [10]. We presenta direct
solutionwithout costly iterations,andwithout mamginalization.

3D alignmentof rigid shapesis an important problemin
mary elds, such as 3D shapeacquisition, medical image
registration and computervision, and a numberof solutions
have beenproposed(for an overview, see[11]). Among the
non-iteratve mgthods,someinvolve an SVD of the 3 3
matrix H = = P, (g0 @) (a? d9)" betweentwo point
setsq; and g°, and their respectie averagesd, g° [12],
[13], [14]. Othersuse a linearization of product terms to
reproducethe pairwise point distancesf featurepoints[15].
Alignment of rigid surfacesis also achieed by iterative
closestpoint algorithms[16], [17]. We adoptthe stratgy of
iteratively updatingpoint correspondenceds SectionX-A. A
rst-order Taylor expansionof the projected2D coordinates
and subsequenSVD is describedin [14]. In contrast,we
expandtherotationoperatorin 3D. This allows usto combine
rigid alignmentwith shapeestimationand regularizationfor
tting unknown, deformablesurfaces.

From a variety of methodsto reconstructsmoothsurfaces

from point-cloud data, we mentionthreerelatedapproaches:

Fitting algebraicsurfaces[18] usesa parameterizedlassof
surfaces, such as spheres,but cannot handle more natural
shapesImplicit surfaceswith radial basisfunctions[19] can
describeary shapeachieving smoothresultswith aregulariza-
tion functionalbasedn secondierivatives.Othermethodause
local polynomial approximationg20]. All of thesemethods
can only interpolate betweengiven points without inferring
missingstructuresrom class-speci cinformation.
Deformable 3D models have been tted to 2D and 3D
databefore.Reconstructiorfrom 2D featurepoints hasbeen
achieed with Levenbeg-Marquardtoptimization[21], [22],
and tree search[23]. For separateestimationof pose and
shapelinearizedapproximation®f 3D rotationsimilar to ours
have beenused[22]. An alternatve solutionthatapproximates
3D rotation by 2D afne transformationsand pre-learned
parallax has beenproposedin an algorithm basedon SVD,
but without regularization[24]. A numberof methodshave
analyzedframe-to-framemotion in videoto recover poseand

[26], [27], [28]. Unlike thesemethodsour approachrelieson
a singleimagefor estimatingdepth.

Reconstructiomf 3D shapeandtexture from color valuesis
describedn [6], [8]. However, theiterative optimizationin this
analysis-by-synthesisystemis computationallyexpensve. A
similar methodhasalso beenusedto t the MorphableFace
Model to 3D range scansin a cylindrical parameterization
r(h; ) [6]. The methodthatwe presenthereis relatedto this
approachbput usesonly featurepoint coordinatesThis simpli-
ed settingallows usto formulatea fasterandmathematically
moreelggantsolutionthatinvolvesnothingmorethanan SVD
of a matrix of moderatesize.

I1l. CLASS-SPECIFIC SHAPE PROPERTIES

The characteristicshapepropertiesof objects classesare
derived from a datasetof 3D scans.Having de ned a ref-
erencescan or mesh with p vertices, dense point-to-point
correspondencavith all other scansis establishedwith an
automatedechnique[6], so correspondingpoints suchasthe
tip of the noseare identi ed on all examples.For eachscan
i 2 f1;:::;mg, the coordinatesof thesep corresponding

n=3 p: (1)

In this representationany convex combination
xn xn
a =1 (2)
describesa hew elementof the class.In %)rderto remove
the secondconstraint,we usebarycentriccoordinategelative
to the arithmeticmean:

VvV = aivi, a 2 [0; 1];

1 X
X=V V; VE Vi 3

S0 (2) becomes yn i=1
X = b xi; Xj = Vi V: (4)

i=1

Note thatthe setof x; is linearly dependent!3 . xi = 0.
The constrainta; 2 [0; 1] would de ne a sharpboundaryof
the objectclass.We preferto describethe classin termsof a
probability densityp(v) of v beingin the objectclass.p(v)
can be estimatedby a Principal ComponentAnalysis (PCA,
see[29]): Let the datamatrix X be

X = (X1;X2;:: 0 Xm) 2 IR" ™ (5)
The covariancematrix of the datasetis given by
1 1 X
c:axxT:— xjxj 2 R" " (6)

j=1
PCAis basedn adiagonalizatiorC = S diag( 2) S'. Since
C is symmetricalthe columnss; of S form anorthogonalset
of eigervectors. ; arethe standarddeviationswithin the data
alongthe eigervectors.The diagonalizationcan be calculated
by a SingularValue Decomposition(SVD, [30]) of X.

The spacespannedby x; is at mostm® = (m 1)
dimensionalandtherankof X andC is atmostm® so ,, =
0, andsy, is notmeaningful.If we usethe scaledeigervectors

iSi asa basis,vectorsx arede ned by coefcients ¢; :

X.'O
X = G isi= S diag( i)c
i=1

()



The varianceof the original datais 1 in eachcoefcient ¢;,
so the estimatednormal distribution takes the simple form

po= ce ™ =@)" @

c €2
kck? is the distancefrom the average,scaledaccordingto
the normal distribution (MahalanobisDistance).

IV. MODEL-BASED SURFACE COMPLETION

Given the positionsof a reducednumberf < p of feature
points, our task is to nd the 3D coordinatesof all other
vertices. Similar to Equation (1), we write the 2D or 3D
coordinatesof the featurepoints as vectorsr 2 IR' (I = 2f
or | = 3f), andassumehatr is relatedto v by

r=Lv L:IR" 7! IR'": (9)

L may be ary linear mapping, such as a product of a
projection that selectsa subsetof componentsfrom v for
sparsefeature points or remaining surface regions, a rigid
transformatiorin 3D, andan orthographigorojectionto image
coordinates.Until SectionVI, we assumethat L is known

precisely Let y=r LV=Lx (10)

If L is not one-to-onethe solutionx of (10) will not be
uniquelyde ned. To reducethe numberof free parametersye
restrictx to the linear combinationsof x;, which makes sure
that x is in the object class.Dependingon the number| of
featurecoordinatesandthe dimensionof the spanof examples,
the solution of (10) is still not unique.We addresghis issue
at the end of this section.

As we cannotexpectto nd a linear combinationof the
examplesthat solves (10) exactly, we minimize

E(x) = kLx  yk?: (11)
Let ;i = L( isi) 2 IR' be the reducedversionsof the
scaledeigervectors,and

Q= (d1;02::) = LS diag( )2 R' ™:  (12)

In termsof mode;goefcients ¢ from (7), (11)is
E(c)= kL ¢ isi yk®=kQc yk%  (13)
The optimumcan be found by a SingularValue Decompo-
sition [30] Q= UwWv T (14)

with a diagonalmatrix W = diag(w;), andvVTV = wW T =
idmo. The pseudo-imerse(see[30]) of Q is

Q" = vwW MR (15)

W* =diag W~ 1Twié0 (16)

|
0 otherwise

To avoid numericalproblems the conditionw; 6 0 maybe
replacedby a thresholdw; > . The minimum of E(c) can
be computedwith the pseudo-inerse:c = Q*y.

This vector ¢ has anotherimportant property [30]: If the
minimum of E(c) is not uniquely de ned, c is the vector
with minimum norm kck amongall c® with E(c% = E(c). In
our case this meansthat we obtainthe vectorwith maximum
prior probability (Equation8).

By Equation(3) and(7), ¢ is mappedto IR":

v =S diag( j)c+ V: an

For solving Equation(10), it might seemmore straightfor
wardto computex = L*y with the pseudo-imerseL* of L.
However, the resultwould, in general,neitherbe in the span
of examplesnorwould it minimize kck, sononeof the model
informationwould be considered.

V. STATISTICAL SHAPE RECONSTRUCTION

The previous solutionwill ensurethatE is minimized,and
in particular that E = 0 wheneer this is possible. Prior
probabilityis only considerecamongsolutionsof equalE (c).

However, it is well known in statisticallearningthatoptimal
generalization(in our caseto the unknovn surface regions)
in terms of the expectederror is not always achieved by
reproducingthe given data precisely[31]. In regression,for
example,a smoothcure that passeshe measurediatapoints
at some distancemay lead to better generalizationthan a
complicatedcurve that passeghroughall measurementand
shaws over tting effectselsevhere.Regularizationprovidesa
powerful tool to resole this problem.In the following, we
derive a regularizationframenork from statisticalassumptions
and a maximuma posterioriapproach.

Therearea numberof reasonsvhy measurementg should
not be fully reproducedby the method describedin the
previous chapter:y may be subjectto noisein detectingthe
featurepoints, or wrong assumption®n the rotationinvolved
in L. Moreover, the linear span of the exampleswill, in
general,only approximatethe novel shapesx encounteredn
the applicationof the system.

Minimizing E(x) = kLx  yk? may thereforeleadto so-
lutionsthataretoo far from the averageandhewily distorted,
asdemonstratedxperimentallyin SectionlX-A. To avoid this
over tting, we proposea tradeof betweenmatchingquality
and prior probability of the solution. This tradeof will be
derived from a Bayesianapproachin the following section.

A. MaximumPosterior Probability

Given the obsened vectory, we are looking for the co-
efcients ¢ with maximum posteriorprobability P (cjy). As
an intermediatestep, considerthe likelihood of measuringy,
givenc: In the noiselesscase,c would de ne the vector

Ymodel =L G S = cigi = Qc (18)
i i

We assumehat eachdimensionj of the measuredrectory

is subjectto uncorrelatedsaussiamoisewith a variance 3 .

Then, the likelihood of meas\ljringy 2 IR' is given by

P (Yj 1Ymodel i ) (19)
i=1

Yij )2 _ |

- N

I:)()/J.B/model ) =
Y
= N
i=1
with a normalizationfactor .
parameterg, the likelihoodis

2
>z 2 (Ymodel;j 7 = KY model yk
N N

In terms of the mg)zdoe)l

2—1N2—ch ykZ.

P(yic)= y e (21)
Accordingto BayesRule [32], the posteriorprobability is
P(cjy) =  P(yjc) p(c): (22)
with a constanffactor = ( P(yjc® p(c9)dc® *:
Substituting(8) and (21) yields
- | TrkQe Yk e
P(ciy)= n c e W e ¥, (23)

which is maximizedby minimizing the costfunction

E= 2 logP(cjy)= iz kQc  yk*+ kck?+ const: (24)
N



B. CombinedCostFunction

In this section,we shav that the costfunction (24) canbe
minimized in a single step. To simplify the calculation,we

introducea weightfactor = 2 0 andminimize
E=kQc yk?®+  kck?: (25)
In the optimum,
0=rE=2Q0"Qc 2QTy+2c; (26)
o)
Q'Qc+ c=Qly: (27)
SingularValue DecompositionQ = UWV T yields
QTQ=vwU Tuwv T=vw 2vT; (28)

sinceU is orthogonalin all columnsi with w; 6 0. From

(27), VW 2vTc+ c=vwuU Ty: (29)
Multiplying by V T, this canbe solved for c:
diagw?+ ) VTie=wWU Ty (30)
c= Vdiag(WizLJ'r)UTy 31)
The overall resultis obtainedfrom (3) and (7):
v = v + Sdiag( )V diag(WZWl Why:  (32)
i

C. SpecialcaselL = id,

To nd the closestelementof the spanof examplesfrom
a vectorx thatis entirely known, or to approximatea given
elementof the spanby a more plausiblesolution, we canset
L = idy. The Singular Value Decompositionof Q is then
trivial, and Equation(323(reduclesio
| i+ 5 hsi;yisi:
The mostrelevant dimensionss; with large standarddevia-
tion ; areaffectedlessby thanthosewith small ;.

vV=V+ (33)

VI. TRANSLATION, SCALE AND ROTATION

Since real-world data are, in general, not aligned with
the model, it is essentialto compensatdor unknavn rigid
transformations3D featurepoints could be pre-alignedwith
the correspondingpoints of the averagesurface using 3D3D
Absolute Orientation [12], [13], [14]. The result would be
sub-optimal,however, since the optimal alignment depends
on the shapeafter reconstructionln this section,we present
amethodto compensatéor transformationanddeformations
simultaneously In the caseof 2D image coordinates,pose
estimationof an unknovn shapeis even moredif cult thanin
the 3D setting. Our solution makes the algorithm applicable
to picturesof facesat arbitrary unknavn orientations.

The methodincludesadditional coefcients ¢; and vectors
si in the linear combination(7). Shifting is achieved simply
by including yectars, . o. o 1: 0; 0; :::; 1; 0; 07 (34)

and sy, S in the setof s;. Scalingis allowed for by a
vectorsg = V. Let Y°

v = G

i=1
0

iSi + V; then (35)

v = (ci) isi+ (1 )ss+V; (36)
i=1

so the scaledshabeis representedn the model by adding

(1 )ss, and scaledcoefcients c¢. For far from 1,

this may affect the regularizationtradeof in the costfunction

(25), leadingto more conserative estimatesat a large scale
than at a small scalebecausghe sameshapebecomesmore
“expensve”. For 1, this effect is not noticeable.

Rotation is compensatedn a two-passapproach:Based
on approximationsfor small angles ; ; 1, the method
estimatesrotation and 3D shape.This estimate,which may
be unprecisein caseof larger rotations,is includedin L in
the secondpass,and the residualsmall rotation along with a
re ned 3D shapeare computed.

For ; ; 1, we can setthe cosinesto 1, and ignore
productsof sinusterms.For a productof 3 rotationsaround
the z, x andy-axis, we obtain

1 sin sin !
R=RRR @ sin 1 sin A (37)
sin sin 1
0 1 0 1 0 1 0 1 01
X y 0 z X
R@yA sin @ xA+sin @ zA+sin @ 0A+ @yA :
z 0 y X z

We combinethe 3 3 matricesR to a mappingR, of
the full vectorsv 2 IR" and perform a rst-order Taylor
expansionof R v, ignoring effectsof rotationon the principal
componentsto obtaina linear combination

)@0

Ryv G iSStcs +cs +cs +v (38
i=1

s = ( YX1;0; ¥5;%X2;0;::0)7 (39)

s = (0; Z1,¥.;0;, Z2;¥5 )T (40)

s = (zu0 X220 Koo)' (41)

The vectorss , s, S, Sx, Sy, Sz, Ss are normalized
to ksk = 1 and treatedjust as the principal componentss;
in the optimization (SectionV). To control their weightsin
regularization,their standarddeviations shouldbe setequalto
the mostdominantprincipal component ;.

After the optimization,the anglesarerecoreredfrom =
arcsinc , = arcsinc, = arcsinc , andincludedin L for
a secondpass.Due to the approximationsthe estimatefrom
the rst passmay be wrong by several degreesif the initial
orientationwas far from the true orientation(Figure 4). The
secondpasshowever, yieldsthe nal, stableestimatealready
which justi es this simple and ef cient method.

VI1l. DIRECTIONAL CONSTRAINTS AND WEIGHTS

Many facial featuressuchasthe eyebraovs andlips, arein
fact lines or curves ratherthan points. The constraintin the
tting processshouldlet thesefeaturesmove freely alongthe
tangentine, andrestrictthemonly in the orthogonaMlirection.
With the methoddescribedso far, the userwould facetheill-
de ned problem of selectingcorrespondingpoints along the
cune, andthereconstructiorwould be restrictedby the users
arbitraryselection(Figure3). In 3D tting (e.g.reconstructing
teeth from 3D features),we may want to restrict points to
planes for examplethe approximalcontactsto adjacenteeth,
but leave themunconstrainedtherwise.

Considerthe individual feature points in y and Y mode :
Let g be the obsered 2D or 3D coordinatesof one point,
andgmogel the coordinategredictedby the model. Thenthe
distanced = kg  Qmodel k* Which hascontritutedto (25) is
replacedby



Fig. 3. Directional constaints leavelines sucd as eyebiows or lips unre-
stricted along the tangent. Clicking on featue points,the user cannotde ne
correspondencelong the lines properly (top row). Point-basedconstaints
would distort the face (bottom, left), while directional constrints yield
realisticresults(center)by allowing for mismattiesalongthetangent(bottom
right: blendedimages).

dn m; (q Omodel )i 2 (42)

kn" (0 dmodel )k2 = kKAd  AQ model )k2 (43)

with a normal vector n of the contourline or boundary
plane, knk 1, and a matrix A = (ny;ny) or A
(ny;ny;nz). The constraintsusedin previous sectionswhich
restrictedpointsin all directions,can be written in (43) with
A = id, or idz. Combining the matricesA of all feature
points to a block-diagonalmatrix Ay on vectorsy, (25)

bECOmeS g - kA Qc A,yKZ+  kok?: (44)

The optimization problem can be solved in the sameway
asin SectionV-B if we computethe SingularValue Decom-
position of the productA ,Q = UWV T Theresultis

v = Sdiag( {)V diag(W2+' JWUTAyy + v (45)

Individual weights for the dimensionsof y can be im-
plementedin the sameframevork with a diagonal matrix
Ay formed by the weight factors. Weights can re ect the
importanceassignedo differentfeaturepoints, the precision
of tting thesepoints,or the noise n of eachmeasurement.

VIll. RECONSTRUCTION OF 3D FACES FROM IMAGES

From a small numberof 2D positions of feature points,
the algorithm can recorer 3D shapeof humanfacesat high
resolution,inferring both depthand the missing vertex coor
dinates.The systemis basedon a MorphableModel [6] that
has beenbuilt from laser scansof 200 faces,using a mod-
ied optical ow algorithm to computedensepoint-to-point
correspondenceEachfaceis representedy the coordinates
of p= 75972verticesat a spacingof lessthan 1mm. We use
only the 140 mostrelevant principal components.

For shapereconstructionthe userclicks on featurepoints
in theimageandthe correspondingpointson the 3D reference
model.Goodresultsareachiered with 15 to 20 points.Dueto
theautomate®D alignment(SectionVI), no estimateof pose,
position and size is required.Computationtime is 250mson
a 1.7GHzIntel Xeon processoffor forming Q from the large
matrix S, SVD of Q in two passedor poseestimation,and
computationof the full face(Equation32).

Fig. 4. From an original image at unknownpose(top, left) and a frontal
starting position (top, right), the algorithm estimates3D shapeand posefrom
17 featue coorinates,including 7 directional constaints (secondrow). \We
used140principal componentand 7 vectos for transformationgSectionVl).
Thethird row showsthe texture-mappedesult. Computationtime is 250ms.

Fig. 5. Reconstructiorand model-basedleformation.

Figure4 shawvs anexampleof 3D shapereconstructiorirom
17 featurepoints.7 of the pointsaredirectionalconstraintsas
indicatedby tangentlines in the gure. The systemsuccess-
fully compensatedor rotation, scaling and translation.The
color values of the image are mappedas a texture on the
surface (bottom row), and missing color valuesare re ected
from visible partsor lled in with the averagetexture of the
morphablemodel. Bettertexture valuesfor lling in could be
computedvith the samemethodthatwe usedfor shapeFigure
5 shawvs anotherexample of a reconstructionand illustrates
model-basedmage manipulation:After texture-mappingthe
marker points can be moved, producinga novel shapefrom
within the objectclass,which is renderedackinto theimage.
Note that changeson one side, e.g. the width of the noseor
the eyes, are transferredsymmetrically

IX. EXPERIMENTAL EVALUATION
To evaluatethe predictedpropertiesof regularizationon the
reconstructionsetting of SectionVIIl, we split the database
randomlyinto a training setand a testsetof m = 100 faces
each.The training set provides the examplesv; available to
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Fig. 6. Theeffectof onaveiage reconstructiorresultsfor 100 novel faces,
given 50 feature points, and using 99 principal componentsAs increases,
the featue points are matded lessprecisely so Ey grows.In contrast, kck
deceasesas the resultsbecomemore plausible The overall 3D shapeerror
Ef u is lowestfor a tradeof betweerboth criteria.

the systemfor PCA (m®= 99). The testsetis usedto assess
performanceon novel faces.
From the vertices of the full model, we selectedsets of
f = 17, 50, or 1000 verticesas featurepoints. The vertices
in the two smallersetsare salientpoints suchasthe corners
of the mouth, thosein the large set are selectedrandomly
Their image plane coordinates,computed by orthographic
projectionin frontal orientation, form synthetictest vectors
r=1Lv 2 IR ,1 = 2 f (Equation9). The mapping
L is assumedto be known. Focussedon the propertiesof
our regularization method, this evaluation does not include
compensatiorior transformationgSectionVl).
The evaluationis basedon the following quantities,which
are averagedacrossall 100 training or testfaces:
Ey = kQc  yk, theimageplanematchingerror for all
featurepoints (in units of pixelsin a 300x300image).
kck, the Mahalanobigdistancefrom the average.
The pervertex averageof distancesn 3D spacebetween

original =0 = 0:00001
= 0:001 =01 =1
=10 = 100 average

Fig. 7. Giventheimage coordinatesof 50 feature pointsof a novel face(top
left), 3D shapewas reconstructedvith 99 principal componentsThe result
dependson a tradeof betweenthe precision of featule point matding, and
prior probability. This tradeof is controlled by the parameter .
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Fig. 8. Theaverage shapereconstructiorerrors for 100training facesdepend
onthelevel of noise § addedto eat feature point coodinate While noise-
free training data are bestanalyzedwith = 0 (solid line), reconstruction
quality for noisydatais bestat = ,%‘ .

reconstructiorand original, computedover the entire set
of vertices(excepéfor neckand {op 06 foreheadl:

1 xXP Xi:r econst: Xior ig:
Efur = = k@ Yirr econst: A @ Yior ig: Ak
i=1 Zi;r econst: Zior ig:

(46)
A. Reconstructiorof Novel Faces

Theeffect of over tting is clearlydemonstrateéh Figuresé
and7: For smallvaluesof , thefaceis heaily distorted,and
E¢u is large. Still, the featurepoint coordinatesare precisely
recovered,asindicatedby the low errorEy.

As increasesfEy grows, while kck decreasesince the
prior probability of the solution gains more weight in the
optimization. As the shapebecomesmore smoothand more
plausible the overall reconstructiorerror E¢ | decreasesand
reachedts minimumat = 2. If is too large, the outputis
too closeto the averageto t the data,sobothEy andE;
are high. The valueson the right in Figure 6 arethe baseline
obtainedwith the averageheadv. Figure6 is a typical curve
obseredin mary elds of statisticallearning[31].

In Figure 6, the optimal reconstructiorachieses an average
error E¢ y; = 2:72mm on the test set. Reducingthe number
of principal componentsn' from 99 to 40 increaseghe error
to B¢y = 2:81mm. The error increaseslsoif the number
of featurepointsis reduced:For f = 17, Efy, = 3:16mm,
while for f = 100Q E;y = 2:24mm, usingm®= 99,

B. Noisy Featue Point Coordinates

To investicate the effect of noise on the feature point
coordinatesye evaluatethe systemon the 100 training faces
with their m®= 99 principal componentsWithout noise, the
problemQc = y hasa uniquesolutionif | = 2 f m©,
For f = 50 andf = 1000 feature points, the system
correctly recovers the training faces:E, < 0:004 pixels and
Efu < 0:002nm. The solid line in Figure 8 shaws that this
perfectsolutionat f = 50 would be impairedby > 0. If
onlyf = 17 pointsareavailable,thefaceis nolongeruniquely
de ned, andwe foundthatour systenproduces solutionwith
smallerkck that still solves the problem(E, < 0:0001), but
is different from the original (Ef; = 2:1mm), as expected
from theory (SectionlV andV-A).

If Gaussiamoisewith a standarddeviationof § = 0:1 or

n = 1 pixelsis addedto the horizontaland vertical image



Fig. 9.
molars).

A sampleof the set of 166 teeth (occlusal surfacesof r st upper
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Fig. 10. Theaverage and the r st principal component®f the Biogeneric
MorphableModel of Teeth.

coordinatef eachfeaturepoint, y becomeanore and more
dif cult to recover, andover tting occurs,asdemonstratetby
thelargeerrorsk; 1. Theerrorin Figure8 takesits minimum
at = 2, so reconstructionis bestfor the vectors with
maximumposteriorprobability asexpectedfrom SectionV-A.

X. A BIOGENERIC MORPHABLE MODEL OF TEETH

Given the remainingdental material after parts have been
lost, for exampledueto caries,the goal of reconstructions
to nd a 3D surfacethat ts the remainingmaterial, taking
into accountthe large individual variationsin teeth,but is at
the sametime morphologically plausible: The techniquehas
to inserttypical structuressuchascuspsandgrooves, even if
they were entirely missingin the remainingmaterial.Clearly,
this would not be possiblewith geometricalmethodssuchas
Splines,NURBS and GDM [33], [34]. Othermethodsrequire
manualselectionof an intact prototypetooth that is adjusted
in shapeusing image warping [35]. In contrast,our method
automaticallydeformsandadjuststhe MorphableModel based
on the shapeof the remainingmaterialandthe morphological
variationsfound within the setof examples.

From impressionsof 166 carious-free,intact rst upper
molar teeth of children within the age of 6 to 9 years,we
formed stonereplicasand measuredhe occlusalsurface(i.e.
the surfacepredominantlyusedin chewving) with a 3D scanner
at a resolution of about 30m 30m points [36], [37].
The patternof cuspsand grooves varies considerablyacross
individuals, even thoughsomemorphologicalpropertiessuch
asthe overall layout of the main cuspsand ssures,areshared
by all samples(Figure 9). Thesecommonfeaturesallow us
to establishcorrespondencbetweenthe scansz(x; y) with a
modi ed optical o w algorithmin anautomategrocedurd6].
Basedon this correspondencehe x, y, z - coordinateform
a MorphableModel of teethv; (Equationl), with anaverage
and principal componentshavn in Figure 10. Note that the
morphablemodelis e xible not only alongthe z direction,but
alsoalongx andy, which is essentiato representhe varying
locationsof cuspsin thesedirections.

A. Deformablelterative ClosestPoint Algorithm

The only manual interaction, after scanningthe residual
dentalmaterial,is to selectsomefeaturepoints on that scan,
suchasthe peaksof cuspsor centersof grooves,andidentify
the correspondingpoints on the averagetooth. Our method
does not require a standardset of features,so if entire
structuresare missing,the userselectswhatever is available.

The subsequenstepsare performedautomaticallyby our
system:The 3D coordinatesof the selectedeaturepointsare
usedto estimatethe entire shapeaccordingto the method
from Section V-B and with a full compensationfor rigid
transformationgSectionVI). Figure 11 shaws resultsof this
algorithm (secondandthird column). To illustrate the quality
of the t, we substitutethe remainingpoints of the original
toothinto the recoveredshapev: For eachvertex X ; y; Zk in
v, wereplacezy by Zoriginai (Xk; Yk) If thatvalueis nonvoid.

Clearly, the reconstructiorfrom a sparseset of points will
not considerdetailsof the original shape suchasroundversus
pointedcusps.We thereforeproposea multi-passmethodthat
re nes the shapeadaptingit to whatever surfaceinformation
is available from the remainingsurface: After the rst itera-
tion, correspondingpoints on the model and the original are
alreadyclosetogether The algorithm selectsa large number
of pairs of nearestneighbors:it samplesthe original scan
(X;¥; Zoriginal (X;y)) ata x ed grid resolution,and nds the
nearestneighborin IR® amongthe verticesxy; yk; zx of the
reconstructeghapev . With this extendedsetof corresponding
feature point, a re ned reconstructionis computed(Figures
1 and 11). Sincethe correspondencenappingbetweenscan
and model may drift slightly along the surface with each
re nement pass,additional passesmay further improve the
result slightly. Residualdiscontinuitiesat the boundarymay
be removed by smoothing.

To evaluatethe precisionof the reconstructiorwith ground
truth, we randomly selected66 test scans,removed 43%
of the surface accordingto the patternin Figure 1, and
identi ed 10 featurepoints. The other 100 scanswere used
for PCA. After 2 passesf the algorithm, the averageerror
er econst: (X; y) Zoriginal (X; y)J per pOint Xy and per scan
from the true surface was 143m on missing regions and
85m on remaining material. Measuringdistancenot along
the z-direction,but to the closestneighbourof eachpoint, the
averageis 104m on missingregionsand62m onremaining
material.Theroot-mean-squarerrorsbetweer8D positionsof
closestneighboursare 137m and95m , respectiely.

XI. CONCLUSION

We have presentedan algorithmthat usesa 3D Morphable
Model to infer vector componentssuch as the coordinates
of meshvertices,from incompletemeasurements a robust
andefcient way. Regularizationprovidesan optimal tradeof
betweentting quality and plausibility. Additional compensa-
tion for rigid transformationds an essentialcomponentfor
processingeal-world data.

Thealgorithmwastestedin two applicationsThe rst is an
estimationof 3D shapeof a high resolutionface modelfrom
2D feature coordinates.Unlike non-lineay iteratve systems
[6], ouralgorithmdoesnot rely on color valuesof images.and
thereforereconstructsharacteristiaetailsof individual faces
only if they aresufciently de ned by featurepoints.However,
the fast and non-iteratve computationmakes the algorithm



original surface rst estimate

original andreconst.

re ned reconstruction original andreconst.

Fig. 11. Fromthe remainingsurfaceof two teeth(left, top and bottom)and a setof selectedpoints (blue), the systenproducesa r st estimateof the tooth.
In the third column,we insertedthe original surfaceinto the reconstructionwheever availableto demonstate the quality of the t. After a secondpass,the
reconstructionis re ned (fourth and fth columns).

an interestinglow-cost alternatve for interactve tools. The
secondapplicationis a complete systemfor restoring 3D
surfacesof teethin medicalcontets suchasinlay design.

Our statistical approachand empirical evaluation reveal
some of the general properties of surface estimation and
restoration,and we provide an ef cient algorithm for a wide
rangeof practicalapplications.
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